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1 Linear Machines

Linear TAM

TERMS t,u:i=x ‘ Ax.t ‘ tu CoNTEXTS C,D == (:) ‘ Ax.C ’ Ct ‘ tC
TAPES T =€ ‘ o. T | o-T DIRECTIONS d =] ‘ 0
STATES ¢ == (t,C,T,d) INITIAL STATES ¢ = (t, (), €,])
Sub-term  Context Tape Sub-term Context  Tape
tu C T —e1 L C{()u) o T
Ax.t C o T e L Cxzx.()) T
z C{\x.D) T —var  Ax.D(z) C o-T
Ae.D(z) C o T —Sp2 C{\x.D) T
t C{(-yu) o T e tu C T
t Chx.(-)) T —ed  AT.E C o T
t C{(h)u) o T —ag u C(t(-)) T
u C(t() —bt1 1 c{(hu) o-T

Linear Type IAME]

TYPES A,B =% ‘ A—B TyYPE CONTEXTS A == (:) ‘ B—A | A—>B
LINEAR (OR AFFINE) TYPING RULES
Dax:BrHt: A '-t:B—>A Atu:B
THx:AkFz: A F'FXxt:B— A (T)F Azt I'AFtu: A
Ft:Bo A k.. FiiB = Alxy) b Ft: A Ft:Ae)
Ftu s A(xy) —el Ftu: A F Azt B — A(ky) —e2 Flxt:B— A
Ft:B = Alky) ko Ft:B—A .. k.. Hi:Alxy) Ft: A
Ftu: A — o3 Ftu s Adxy) Flet:B— A —ed FAz.t:B— Ax))
Fax: A<*T> Fa:A Fa:A Fx: A(*L)

FAx.C{z): A— B —var FAz.C(z) i A(x)) —» B FAx.C(z) : A(x4) = B —po FAx.C{z): A— B

Ft:A(x)—B Fu:A Ft:A—B Fu:A(q) |Ft:A—>B Fu:Ax) Ft:A(x)—>B Fu:A
Ftu:B —arg Fitu:B Fitu:B —btl Fitu:B

1The machine actually works also on affine A-terms. Moreover, since the IAM implements weak head reduction, there are no linearity
constraints for the subterm Az.t that will become the normal form (one can notice this fact from the type system).

2Type derivations are upside-down wrt to the term structure, then direction | of the IAM becomes here 1, and 1 is |. The type environment
T" in the two axioms turns the linear system into an affine one. Type environments are omitted in the transition rules as they are not relevant
to the description of the machine. It always holds that A = A(%).



2 Examples

Linear IAM.

Linear Type IAM.

Sub-term Context Tape | Dir
Ay Az.ay)l(Az.z) () € 1
—e1 (Ay-Az.ay)l ()(Az.2) . b
el Ay Az.xy (H(Az.2) -0 1
—e2 \z.xy Ay (Nl(Az.2) ° {
—e2 xy Ay Az (N)(Az.2) € {
u v Gude mioes) | o |
—var Az.xy Ay ()I(Az.2) o-e 0
o4 Ay ATy ()(Az.2) e.0-0| 1
—e3 Ay Az.ay)l (-Y(Az.2) o-e 0
—arg Az.z ()‘y)‘xl'y)l<> b {
—e2 z (AyAz.zy)l(Az.(-)) € I
—Svar Az.z Ay Az.2y)l(-) o T
—btl Ay Az.zy)l (Y(Az.2) o0-0 1
el Ay ATy (H(Az.2) e.0-0| |
—e2 \z.xy Ay (Nl Az.2) o-0 {
— b2 T Ay Az (HYy)l(Az.2) o 0
—arg y Ay z.z())(Az.2) € {
var Ay Az.zy (Nz2) ° 1
—arg | (AyAz.zy)(-)(Nz2.2) € J
Tk = kT k6 — K6 Yikbyiky

Yk, Tk — kb Ty ks

Yy [*] = )\l‘.fL'y : (*7715 — *J(7) — x4

F Ay z.zy @ xp18 = (kp1a = *18) = *43

F

L X119

Zixbziky

F Ay dz.zy)l : (k413 = *19) = *p2

FAz.z: *112 =7 *110

3 Full Machines

F Ay dz.zy)l(Az.2) @ x4

IAM
LOGGED POSITIONS = (t,Cp, Ly,) TAPES T :=¢€ ‘ o. T | T
Loags Lg:= Lpy1 =1Ly DIRECTION d =] | T
STATES w=(¢t,C,L,T,d : .
T q ( ) CONTEXTS Co ) ‘ Az.Co | Cot
INITIAL STATES qt = (t,<'>,€,€7\[/) CnJrl - Cn+1t | )\m~Cn+1 ’ tCn

Sub-term  Context Log Tape Sub-term  Context Log Tape
tu C L T —e1 1 C{(-)u) L o1
Azt C L oT —e2 1 C{xx.(-)) L T
T C{\¢.D,) L,-L T —var  Ax.Dp(z) C L (x,\x.Dy, L,)- T
Ae.Dp(z) C L (2, \.Dp, L) T —po C{\x.D,) L,-L T
t C{(-)u) L o7 —e3  tU C L T
t C{hx.(-)) L T —e4 AT C L oT
t C{{-)u) L T —arg U C{t{-)) L T
t Clul-)) I.L T —btl U C{(-)t) L T




Sequence Type IAM

LINEAR TYPES A =% ‘ S—A LINEAR TYPE CTXS A = (-) ‘ S—A ‘ S—A
SEQUENCE TYPES S u=[41,...,4,] SEQUENCE TYPE CTXS S :=[Ay,..., A, ..., A;]
SEQUENCE TYPING RULES
Ie:SkHt: A FFt:[A, . A = A [AiFu:Alicn
z:[AlFz: A FFXxt:S— A FAx.t:x F'w; AjFtu: A
Ft:S—A [H] Ft:S— A(x) [H] Fi:A Ft Adxg)
Ftu s A(kr) el Fitu: A FAxt:S = A(x) —e2  Flzit:S— A
Ft:S—Ax) [H] Ft:S—A [H] Ft:Alx) Fi:A
Fiu: A —e3 Ftu s Adxp) Flt:S—A —a FAzt:S— Alx))
i i

FAx.Clz):[...,A;...] > A —var FA.Clx) [ AG), . ] o A

Fa: A v FaoAGg);

FeC@) [ ] = A —we  FaaC@ [ A = A
l_t[7A<*¢>“]—)A/ l_z'UAz }_t[,Al,]—)A/ }_ZLLA<*T>Z
Ftu: A —rarg Fitu: A
"t[7AZ,}—)AI l_i’LLIA<*¢>Z’ }_ti[...,A<*¢>i,...]—>A/ huAZ
Fitu: A —Sbt1 Ftu: A

(Optimized) KAMP|

CLOSURES ENVIRONMENTS STACKS STATES
cu=(t,C,e) en=1( | [z—c]Ue Ti=¢€ | c-m qu=(t,C,e,m)
INITIAL STATES
qt = (t, <>v €, 6)

Term Ctx Env Stack Term Ctx Env Stack

tu C e ™ —app C{(-)u) e (u, C(t{-)),e) - m
et C e C-T  —daps 1t C(Ax.(-)) [recUe =

x C [x=(t,D,e)JUe —Svar D e T

tx C e ™ —appy L C{(")x) 2 e(x)-m

3Whether the KAM is optimized or not depends on the inclusion of the rule —appy.



4 Examples

TIAM.
Sub-term Context Log Tape Dir
Cwz) 0w ) 0 . : 7
el \e.xx (Y(A\y.y) € o 1
a2 rz (Az.())(Ay-y) € € +
el z (Az.()z)(Ay.y) € . }
—var Ax.xx (Y(A\y.y) € (z,  z.{)x,€)- o 0
—arg Ay.y (Ax.zx)(-) (2, A\x.(-)x, €) . 1
—e2 y Az.xzz)(Ay.()) (z, A\z.{-)x,€) € {
I (a.z2)() (o A Y, €) (5290}, ) !
—bt1 \e.xx (Y(A\y.y) € (x, Az. )z, €) - (y, A\y.(-),e) | |
—be2 x (Az.()x)(Ay-y) € (Y, Ay-(),€) 0
—arg z (Az.z () (Ay.y) (y, Ay (), €) € l
—var Ar.xx (Y (A\y.y) € (z, Az.2("), (y, Ay (), €)) T
—arg M ()‘qu")<> (Z‘,/\l‘$<>,(y,/\y<>,€)) € {
STAM.
[} = A Fa ko] 2 ke zi K Fxixn
x i [[k] = *, K| Fax K yixbyixeg
FAz.zx @ [[*r9] = %5, %112] = %42 FAyy:[xs] = %16 FAyy a3
F (Az.zz)(Ay.y) : *1
KAM.
Sub-term Context Env. Stack
Av.xx)(A\y.y) ) € €
N vy ) 0wy) ¢ (g, () (), )
—>abs zx Az.(NAyy) | [z=Oy.y, Az.zz){-),€)] =€ €
—Fapp z (Az.()z)(Ay.y) e (@, (Az.z(-))(Ay-y), e)
—rvar Y.y (Az.zz)(:) € (x, Az.z(-))(A\y.y),e)
—abs y Az.zz)Ay.() | [y=(z, Az.z()(Ay.y), )] €
—var x Ax.z(-))(A\y.y) e €
—var Ay.y (Az.xzx)(-) € €
Optimized KAM.
Sub-term Context Env. Stack
(Ax.zx)(Ay.y) () € €
—app \v.xw (Y (A\y.y) € (My.y, Az.xz)(), €)
~>abs zx 2. () Ayy) | [y, Azaz)(), €)] €
—>appv x (Az.()x)Ayy) | [2=(Ayy, Az.zz) (), €] | Mgy, Az.zz)(), €)
—var Ay.y (Ax.zx)(- € (My.y, Az.xzz)(-),€)
s y (Awz2) () | [y Oy, Q) (), )] ‘
—var Ay.y (A\r.xzx)(- € €
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